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1)

Definition

 

A lineartransformation isatransformation T:Rn→Rm satisfying

T(u+v)=T(u)+T(v)T(cu)=cT(u)

forallvectors u,v in Rn andallscalars c.

Factsaboutlineartransformations

 

Let T:Rn→Rm bealineartransformation.Then:

T(0)=0.

Foranyvectors v1,v2,...,vk in Rn andscalars c1,c2,...,ck, wehave

TAc1v1+c2v2+···+ckvkB=c1T(v1)+c2T(v2)+···+ckT(vk).

Examples

i)

Define T:R→R by T(x)=x+1. Is T alineartransformation?

Solution

Wehave T(0)=0+1=1. Sinceanylineartransformationnecessarilytakes

zerotozerobytheabove importantnote,weconcludethat T is not linear

(eventhoughitsgraphisaline).

Note: inthiscase,itwasnotnecessarytocheckexplicitlythat T doesnot



satisfyboth definingproperties:since T(0)=0 isaconsequenceofthese

properties,atleastoneofthem mustnotbesatisfied.(Infact,

this T satisfiesneither.)

ii)

Define T:R2→R2 by T(x)=1.5x. Verifythat T islinear.

Solution

Wehavetocheckthe defining

properties for all vectors u,v and all scalars c. Inotherwords,wehaveto

treat u,v, and c as unknowns.Theonlythingweareallowedtouseisthe

definitionof T.

T(u+v)=1.5(u+v)=1.5u+1.5v=T(u)+T(v)

Since T satisfiesbothdefiningproperties, T islinear.

Note: weknowfrom this exampleinSection 3.1 that T isamatrix

transformation:infact,

.T = x(x) (
1.5 0

0 1.5)
Sinceamatrixtransformationisalineartransformation,thisisanother

proofthat T islinear.

iii)

Define T:R2→R3 bytheformula

T = .(
x

y)(
3x-y

y

x
)

Verifythat T islinear.

Solution

Wehavetocheckthe defining



properties for all vectors u,v and all scalars c. Inotherwords,wehaveto

treat u,v, and c as unknowns;theonlythingweareallowedtouseisthe

definitionof T. Since T isdefinedintermsofthecoordinatesof u,v, we

needtogivethosenamesaswell;say u=  and v= . Forthefirst(
x1

y2) (
x2

y2)
property,wehave

T + =T =((
x1

y1)) ((
x2

y2)) (
x1 +x2

y1 +y2) (
3 -(x1 +x2)(y1 +y2)

y1 +y2

x1 +x2
)

=(
+(3x1-y1) (3x2-y2)

y1 +y2

x1 +x2
)

= + =T +T(
3x1-y1

y1

x1
) (

3x2-y2

y2

x2
) (

x1

y1) (
x2

y2)

Forthesecondproperty,

T =T =(c(
x1

y1)) (
cx1

cy1) (
3 -(cx1)(cy1)

cy1

cx1
)

= =c =cT(
c(3x1-y1)

cy1

cx1
) (

3x1-y1

y1

x1
) (

x1

y1)

Since T satisfiesthe definingproperties, T isalineartransformation.

Note: wewillseeinthis example belowthat

T =(
x

y) (
3 -1

0 1

1 0
)(

x

y)



Hence T isinfactamatrixtransformation.

iv)

Verifythatthefollowingtransformationsfrom R2 to R2 arenotlinear:

T1 = T2 = T3 =(
x

y) (
|x|

y) (
x

y) (
xy

y) (
x

y) (
2x+1

x-2y)
Solution

Inordertoverifythatatransformation T is not linear,wehavetoshow

that T doesnotsatisfy atleastone ofthetwo definingproperties.Forthe

first,thenegationofthestatement “T(u+v)=T(u)+T(v) forallvectors u,v” is

“thereexistsatleastonepairofvectors u,v such

that T(u+v)A=T(u)+T(v).” Inotherwords,itsufficestofind oneexample ofa

pairofvectors u,v suchthat T(u+v)A=T(u)+T(v). Likewise,forthesecond,

thenegationofthestatement “T(cu)=cT(u) forallvectors u andall

scalars c” is“thereexistssomevector u andsomescalar c such

that T(cu)A=cT(u).” Inotherwords,itsufficesto

find one vector u and one scalar c suchthat T(cu)A=cT(u).

Forthefirsttransformation,wenotethat

T1 =T1 = =(-(
-1

0)) (
-1

0) (
|-1|

0) (
1

0)
butthat

-T1 =- =- =(
1

0) (
|1|

0) (
1

0) (
-1

0)
Therefore,thistransformationdoesnotsatisfythesecondproperty.

Forthesecondtransformation,wenotethat

-T2 =T2 = =(2(
1

1)) (
2

2) (
2.2

2) (
4

2)



butthat

2T2 =2 =2 =(
1

1) (
1.1

1) (
1

1) (
2

2)
Therefore,thistransformationdoesnotsatisfythesecondproperty.

Forthethirdtransformation,weobservethat

T3 = = ≠(
0

0) (
2 +1(0)

0-2(0)) (
1

0) (
0

0)
Since T3 doesnottakethezerovectortothezerovector,itcannotbelinear.

v)

Define T:C3→C2T:C3→C2 bydescribingtheoutputofthefunctionfora

genericinputwiththe

T =([
x1

x2

x3]) [
2x1 +x3

-4x2 ]

andcheckthetwodefiningproperties.

T =T(x+y) ( +[
x1

x2

x3] [
y1

y2

y3])
T =([

x1 +y1

x2 +y2

x3 +y3])
[
2 +(x3 +y3)(x1 +y1)

-4(x2 +y2) ]

[
+(2y1 +y3)(2x1 +x3)

-4x2 + y2(-4) ]



+[
2x1 +x3

-4x2 ] [
2y1 +y3

-4y2 ]

T +T([
x1

x2

x3]) ([
y1

y2

y3])
T(x)+T(y)

And

T =T(αx) (α[
x1

x2

x3])
=T([

x1

x2

x3])
=[

2 +(αx1) (αx3)

-4(αx2) ]
=[

α(2x1 +x3)

α(-4x2) ]
=α[

2x1 +x3

-4x2 ]

=αT([
x1

x2

x3])
=αT(x)

T isalineartransformation.




