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Nyquist Plot



A system with negative feed back becomes unstable if the signal arriving back at the summer 1s larger
than the input signal and has shifted 180° relative to it. Consider the block diagram of the closed loop
system. A sinusoidal signal 1s put in and the feed back 1s subtracted with the summer to produce the error.
Due to time delay the feed back is 180° out of phase with the input. When they are summed the result is
an error signal larger than the input signal. Thjls will produce mstability and the output will grow and
grow.

A method of checking if this 1s gomng to happen 1s to disconnect the feed back at the summer and measure
the feed back over a wide range of frequencies.
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Nyquist diagram is the locus of the open loop transfer function plotted on the complex plane. If a system is inherently
unstable, the Nyquist diagram will enclose the point -1 (the point where the phase angle is 180° and unity gain).
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Consider the system.

.
i _ 1 3
4@—> Gl(s) = I;: »|G2(s) = 1+ s > O

0 : Y
[ G3(s) = 173

+ 2s
Feed back

The transfer function relating 6; and 6 15 G(s) GI x G2 x G3 = K/{s(1+s)(1+2s)}. Converting this info a
complex number (s = jo) we find

. K{— 30 } . Ko -20)
G(j0) = 77— 1174 3 |
190 +(m—2m)} {Qm + (0 - 207) |

The polar plot below (Nyquist Diagram) is shown for K = 1 and K = 0.4. We can see that at the 180°
position the radius 15 less than 1 when K =1 so the system will be stable. When K = 2 the radius 1s greater
than 1 so the system 15 unstable. We conclude that turning up the gam makes the system become unstable.
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The plot will cross the real axis when @ = 20" or © = 0.707 and this is true for all frequencies. The plot
will enclose the -1 pomt if

K{— 307 }
{9(:::4 + (o — 20°)

Putting ® = 0.707 the limting value of K 15 1.5

} < —1 so the limitis when — K 30> =90* + (o — Eﬂ]3)



Method 2

There 1s another way to solve this and simular problems. The transfer function 1s broken down into
separate components so in the above case we have:

K 1 1

G(s) = X X
s (1+5s) (1+ 2s)

Each 1s turned into polar co-ordinates
K K

—— produces a radius of — and an angle of - 90° for all radii
S ®

1
I + s

1
1 + 2s

1

produces a radius of

. — and angle tan" (o)
V1 + ©°

1
V1 + 40>

When we multiply polar coordinates remember that the resultant radius is the product of the individual
radn and the resultant angle 1s the sum of the individual angles. The polar coordinates of the transfer

produces a radius of

and angle tan"! 2@

function are then:

.. K 1 1 : 1 1
Radius 1s X X Angleis- 90° — tan '(®) — tan " 2®
© Jl1+e2 1+ 46
Put @ =0.707

Radms =1.414 x 0.8165x 0.577=0.667 K Angle =

=-90 - 35.26 - 54.74 = -180°
If K= 1.5 the radius 1s 1 as stated previously.



PHASE MARGIN and GAIN MARGIN
PHASE MARGIN

This 1s the additional phase lag which 1s needed to bring the system to the limit of stability. In other words
1t 1s the angle between the point -1 and the vector of magnitude 1.

GAIN MARGIN
This 1s the additional gain required to bring the system to the limit of stability.
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Example

The open loop transtfer function of a system 1s G(s) = 200/{(1+2S ) 3+S)5+5)}. Produce a polar plot
for @ = 3 to @ = 10. Determine the phase and gain margin.

SOLUTION

Ewvaluate the polar coordmates for 200/(1 + 2s5). then 1/(2+s) then 1/(5+s)

K
The radius 1s n The angle i - tan _1(ﬂ>
T2 ® o
1 + =
I
200 @ R b 1 @ B & 1 o n b
1+ 2s | (1 [|89.443|-63.435 3+s||1 |0.316-18.435 s . < /|1 [0.196]-11.31
2 |48.507|-75.964 2 0.277|-33.69 2 [(0.186|-21.801
T=2 3 |32.88 |-80.538 I'=1 |3 lo236| -45 T=1 |3 [0.171]-30.964
K =200 [37124.807]-82.875| < . [a [0.2 |-53.13 K=1 la |0.156]-38.66
" 5 [19.901|-84.289 5 [0.171|-59.036 n=S 5 (o141 -45
6 |16.609|-85.236 6 |0.149|-63.435 6 |0.128[-50.194
7 |14.249]-85.914 7 [0.131]-66.801 7 |0.116]-54.462
8 [12.476|-86.424 8 [0.117]-69.444 8 |0.106|-57.995
9 |11.094|-86.82 9 |0.105]|-71.565 9 [0.097|-60.945
10| 9.988 (-87.138 10 [0.096 |- 73.301 10[0.089 -63.435




Now add the three sets of angles and nmltiply the three sets of radu and plot the results.
@ R $

5.547] -93.18
2.408]-131.453
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0.775]-174.663 "y
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The region of interest is where the plot is -180° and the radius is 1. This would regquire a nmch more
accurate plot around the region for @ = 3 to 5 as shown below.

Figure &

The phase margin is 180 — 166 = 14"  The gain margin is 1 — 0.65=0.35



Homework

Determine the steady state gain and primary time constant for G(s) = 10/(s + 5). Determune the polar
coordinates when @ = 1/T
(Gain =2 and Radius = 1.414 and angle = -45°)

Determune the steady state gain for G{s) = 0.5/{(s+2)(s+10)}. Determine the polar coordinates when
=025
(Gain=0.025 , R1 =0.0243 ;1 =-16.99

The open loop transfer function of a system 15 G{s) = 80/ {(s+1)(s+2)(s+4)}. Produce a polar plot for
@ =3 to @ = 10. Determine the phase and gain margin. (.11 and 3.5%).



Bode Plot



These are loganthmic plots of the marnitude (radins of the polar plot) and phase angle of the fransfer
funcfon. First consider how to express the gain in dacibels.

Strctly (= 1s a power zain and & = Power outPower In
Vo 1
o —ooh ol
Vo L
Using Ohmes Law this with the same value of Resistance at mput and ouiput this becomes

I
G - 1?, oT I'_:'._
L I:

1 1

If the power In and out were elecinic then we may say

Vi v I
Expressing G in decibels G{db) = lﬂ]ng?"}_—_lﬂ]ngﬁmﬂﬂlﬂg?
: : _

1 1

From this, it is usual to exprass the modulus of G as G |=20log| (8,/8;) |

MNote that the gain in dib 15 the 20 log . where E 1z the radms of the polar plot in previous examples.



MNow consider the following transfer fanction

1 | 1 | 1

S e i " ieT + 1 . ieT + 1

G} = — o — §—"Y__ The maiin of fhe polar coonlinue it —pp—"d i i the
1+ @°T* 1+ @°T* Hll_Tlm' + 1]

Eain.

The gain n db is then
i

G{db) = 2 lng:

1 | 1. a2 | 13
- ‘ - -zo[— log|T m" + 1_|] - —10loglT " + 1)
LYy |_T‘[|1 J - . .

1+1

il

The phase angle is —tan™' (@ T)



Bode Plat
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# 1 plots — both have loganthm of frequency on xaxs
o v-ax1s magnitude of transfer function, His), m dB
o vy-ax1s phase angle

The plot can be used to nterpret how the mput affects the output 1n both magnitude and phase over
frequency.

Where do the Bode diapram lines comes from?
1} Determune the Transfer Function of the system:

Eis+z)

Bz = siz+p )

2} Fewmte it by factonng both the mumerator and denomunator mto the standard form

where the zsarecalledzamsandﬂleps are called poles.



3) Replace s with j? . Then find the Magnitude of the Transfer Function.

E ¢ 11
H(jw) = ] A

% +D
If we take the logy of this magnitude and multiply it by 20 1t takes on the form of

' -.H_I
k(W +1)
20 logo (H(jw)) = 20log,, — -
wn Y <)

20log,,|K]+ 20log,, |z, |+ 2010g {f% + 1)‘ —20log ;| p,|—2010g,,| /W - 2010g

( W / +1}‘
=1

Each of these individual terms 1s very easy to show on a logarithmic plot. The entire Bode log magnitude pls
the result of the superposition of all the straight line terms. This means with a little practice, we can quickly
the effect of each term and quickly find the overall effect. To do this we have to understand the effect of the
different types of terms.

These mclhude: 1) Constant terms )4
2) Poles and Zeros at the ongin 1j? |
3) Poles and Zeros not at the origin =~ [1 + .;w or I & ;m‘
1 “1

4) Complex Poles and Zeros (addressed later)



Effect of Constant Terms:
Constant terms such as K conmbute a shaight honzontal line of magmiade 20 log oK)

20 log, ,(H)

20 log (k)

A=K

o1 1 10 100 * (logscale)

Effect of Individual Zeros and Poles at the origin:
A zero at the ongn ocowrs when there1s an 5 or j7 multplhying the mmmerator. Each ocowmrence of thas
causes a posihvely sloped hine passing through ¥ = 1 wath a nse of 20 db over a decade.

20 Jog(H)




A pole at the ongin ocours when there are 5 or j7 mulhplying the denomunator. Each occowrence of thas
causes a negatrvely sloped line passing through 7 = 1 wath a drop of 20 db over a2 decade.

30 o H)

der

1 | ].

: ' ) {log scale) H= —
0.1 ﬁ\‘ 10 100 o
-20 db
Effect of Individual Zeros and Poles Not :hhgm

Zeros and Poles mot at the origin are mdicated by the (1+77 /%) and (1+77 /p;). The values

zi and pi m each of these expression 15 called a enitical freguency (or break frequency). Below their entical
frequency these terms do not contbute to the log magmtude of the overzll plot. Above the entical
frequency, they represent a ramp fimection of 20 db per decade. Zeros give a positive slope. Poles produce a
negatrve slope.

20 koz(H]

:-'I |j.l]g||: EEﬂJE] 1 + J_




* To complete the log masmitude vs. frequency plot of a Bode diagram, we superposition all the hines
of the different terms on the same plot.

Fxample 1:
For the transfer function given, sketch the Bode log magmtude diagram which shows howthe log
magmtude of the system 15 affected by chansing mput frequency. (ITF=trangfer function)

|
25 +100

Step 1: Repose the equation in Bode plot form:

F L

|

1F =100, recopmized as IF = 11
241 —:+1
30 B

with K =001 and py=350

For the constant, £: 20 logp{0.01)= -40

For the pole, with entical frequency, py: _\—\\\_\_‘




20 log p(MF)

::Il:}l T T T T T T TS E T IR E T T ET T T T T T T T T I eI e T I T TN T ™=d. :.._ B :.l Il-l-I:I._E :":ale::l

e L e e o o o e I e




Example 2:
Find the Bode log maznitude plot for the transfer fuinchon,

= -
IF = 3xl0’ s
55+ 505z 4+ 2500

S1mphify transfer function form:

5x10°
_ 56107 3 __ 5%500 g _ 20 =
(M +300)  Zopy i 4n E+=+1
{5 Ii'ﬂlﬂ' ) Ei IE{I':' )

Fecogmize: K =20 = 20logl0(20)=26.02

l zero at the ongm /

2poles: at py=3 and p>=500




Technigue to get started:
1} Draw the line of each mndividual term on the zraph

2} Follow the combmed pole-zero at the origin line back to the left side of the zaph

1) Add the constant offset. 20 log1e(K), to the value where the pole/zero at the origin hne mtersects the left
side of the zraph

4) Apply the effect of the poles'zeros not at the origin workmg from left (low values) to nght (lugher
values) of the poles/zeros.

30 dk
20log o (IF) A

40 db #_..-"'"-.. =1 ==Ll

...... aadac o] LLb o L. o ] AR e A

,..-l-""l-""""_. e -‘-h.-""""--.

0 db T - ? (log scale)

-40 db
_80 db

10" 10" 10° 107



Example 3: Find the Bode log magmitude plot for the transfer function.

_ 200(s + 20)
sQ2s +1):s+40)
sumphfy transfer funchion form:
200%¥20 = 5
+1 100 (—+
o 2006420 g Gpth_ 10 gD

DS DER0) o F i s etsl
5{'15 Idﬂ ) Sfﬂj Iqﬂ )

Fecopmze: E=100 —= 20loglO{100)=40

| pole a the origin \

]l zero atz; =20 _____'___—""—_-’

2poles: at py=0.3 and p=40




80 db

40 db

0 db

-4 db

-80 db

. 20 dbvdec

! (log scale)

20logo{TF)



The plot of the log maznitude vs. mput frequency 15 only half of the story.

‘e alzo need to be able to plot the phase angle v=. mput fregquency on a log scale as well to complete the
fll Bode diagram. .
For our ongnal transfer fimchon

_iE'_-.l:'m/ZHj
=1
jop (7 +D)
the cumulative phase angle associated wnth thas function are grven by
.ﬁ:ﬁ,ﬂ?ﬁ +1)
tiwsp 7, +1)

|
Then the cumulatrive phase angle as a funchon of the mmput frequency mav be wnitten as

LH(w)= 4 E+3,+@/ +D-Gw)-p, -V, +D)|
=1 |

Chnce agaimn, to show the phase plot of the Bode diagram. ines can be drawn for each of the different terms.
Then the tofal effect mav be found by superposihon

Hijw) =

LH(jw) =



Effect of Constant: on Phase:
A positive constant, K=, haz no effect on phase. A negative comstant, K<), wnll set up a phase shaft of
=180°. (Femember real vs imagmary plots — a negative real number 15 at +180° relative to the ongin)

Effect of Zeros at the origin on Phase Angle:
Zeros at the origin, s, cause a constant +90 degree shaft for each zero.

£IF +80 deg

7 (koE)

Effect of Poles at the -:rrl,g.m on Phaze Angle:
Poles at the orizin, 5™, cause a constant -90 degree shift for each pole.

£ TF n

-90 deg




Effect of Leros not at the origin on Phaze Angle:

(1)
1+ 21

45 deg shaft at z;, and have a +90 deg sluft for frequencies much higherthan =;.
+3{ deg
A H +45 deg

L

Leros not at the orngin, hke . have mo phase shaft for frequencies much lower than z;, have a +

1 1 ] |
I 0. ].1] I ]__-1 I ].'I:Ifl I ].'l:”:":]

To drawr the lnes for this type of term_ the transition from 0 to +90 1= drawn over 2 decades, starting at
0.1z1 and ending at 10z].



Effect of Fole: not at the orzin on Phaze Angle:

1

1—4|j’”
P,

45 deg shuft at p;. and hawe a -90 deg shuft for frequencies much higherthan p.

Poles not at the orzin, hke . have no phase sluft for frequencies much lovwer than p;, have a -

£ TF

L | o]
1

|
1_|".'-'1 ]-':'P'l ]-':H:I.IT"] -'-1-5.|:.|.E§
-90 deg

To draw the lines for this type of term. the tansition from 0° to -90° 15 drawn over 2 decades, starting at
0.1p; and ending at 10p;.

When drawing the phase angle shift for not-at-the-orign Ierlnzr-a and poles, first locate the entical frequency
of the zero or pole. Then start the transihon 1 decade before, follownng a slope of
+45° /decade. Continue the transition unfil reaching the frequency one decade past the entical frequency.



Examgple 1:
For the Transfer Functon ziven, sketch the Bode diagram wlhich showrs how the phase of the system 1=
affected by changing mput frequency.

_ 1 o
% +100 .=
=41
Ei[l )
20 log|TF
05 5 50 500 rad)s .
T [ T 1 1 .
~40db
+90 T
STF I ==t l I I ’
90 -




Example 2 Solution:
Fepeat for the tansfer funchon,

20log| TF]

80 db

40 do

20 logy o(MF)
0 do

40 db

-80 db

_ 5x10°%s 20 =
TF — —=
5 T :"D a3+ J:"':':I I.'i 1-.‘.'_:' —]_".
5 TUS00 T
L =1 | T . ‘-h"
—
10 10° 10° 10°

? (log scale)



-180°

10" 10 10 iy



Example 3: Find the Bode log magmtude and phaze angle plot for the transfer fimchon,

80 db

40 db

20 logo(MF)
0 do

-40) db

-50 db

00(z + 20) 100+

s tDE+40) 5 5
s Mg

10 10" 10* 107

? (log scale)



-180°

=

g

10

100

10

lig

? (log scale)



