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Abstract— This paper proposes a constrained control scheme
for the control of the depth of hypnosis in clinical anesthesia.
The proposed scheme guarantees overdosing prevention while
taking into account infusion rate limits and safety constraints
on the plasma concentration. The core idea is to formulate
anesthesia as a constrained control problem and design a closed-
form control scheme based on the explicit reference governor
philosophy. More precisely, the proposed architecture consists
of a stabilizing control loop and of an add-on control unit that
is able to ensure the constraints satisfaction at all times. In
this paper, this architecture has been implemented within the
iControl system, a platform for clinical evaluation of control
schemes. The proposed scheme is evaluated on a simulated
surgical procedure for 44 patients. The results demonstrate that
the proposed scheme can deliver propofol to yield induction
time of (mean) 6.24 [min], while satisfying the imposed safety
constraints.

I. INTRODUCTION

Anesthesia means lack of ability to sense, or a state of
being unable to feel nor recall anything. During clinical
surgeries, anesthesiologists adjust the dose of anesthetic drug
to reach an acceptable level of anesthesia. Current clinical
practice can be interpreted as manual feedback control.
Automating drug delivery in anesthesia, referred as closed-
loop anesthesia, has gained much attention in recent years.

In general, anesthesia consists of three components [1]: (i)
hypnosis (i.e., loss of consciousness and lack of awareness),
(ii) analgesia (i.e., lack of nociceptive reactivity), and (iii)
neuromuscular blockade (i.e., immobilization). The main
goal of this paper is to propose a propofol delivery system
that can control the depth of hypnosis within predefined
safety constraints, by manipulating the infusion rate of
propofol.

Propofol hypnosis can be divided into three temporal
phases [2]: (i) induction (bringing the patient from total
awareness to a desired depth of hypnosis), (ii) maintenance
(keeping the desired depth of hypnosis during the surgery),
and (iii) emergence (returning the patient to consciousness).
One of the main challenges in propofol delivery is to safely
administer the drug during the induction phase despite the
patients’ inherent drug response variability without overdos-
ing them. Overdoses are usually associated with a lack of
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balance between the anesthetic regimen and the patient’s
pharmacological needs, and might eventually provoke a
cardiovascular collapse. To cope with this problem, some
approaches to decrease the risk of overdosing have been
proposed in the literature, e.g., increasing the robustness of
the system [3], [4], adding a set-point prefilter to smooth
the reference signal and reduce possible overshoots [5],
nonlinear adaptive controller [6], model predictive control
scheme [7], and model-based controller [8].

Recently, the need to use constrained control schemes in
closed-loop anesthesia to prevent patient’s overdosing has
been highlighted in [9], [10]. These studies showed that, by
defining some suitable safety constraints, one can formulate
the overdosing problem, as well as other safety issues,
as constraints on patient’s states based on the therapeutic
window of propofol.

In this paper, based on results in [9]–[11], we first re-
formulate the control of depth of hypnosis as a constrained
control problem. Then we propose a control architecture to
guarantee safety constraints satisfaction. In particular, we
will make use of the recently introduced Explicit Reference
Governor (ERG) framework [12]–[16]. The main idea behind
the ERG framework is to determine an invariant set (in
particular, a Lyapunov level set) that would contain the state
trajectory if the currently auxiliary reference were to remain
constant. If the distance between this invariant set and the
boundary of the constraints is strictly positive, it follows
from continuity that the derivative of the auxiliary reference
can be nonzero without leading to constraint violations.
If this distance is zero, the satisfaction of the constraints
is ensured by maintaining the current reference constant.
One of the main strengths of the ERG is that it requires
very limited computational capabilities since, unlike other
constrained control schemes, it does not make use of online
optimization, making its implementation simple, robust, and
easily certifiable.

The rest of the paper is organized as follows. Section II
describes the models used in the propofol delivery system.
Section III presents the details of the iControl system and
the proposed ERG scheme. In Section IV, simulations are
carried out using the proposed scheme and their results are
discussed. Finally, section V concludes the paper.

II. MODELLING OF THE SYSTEM

The model which is normally used to explain the re-
sponse of a patient to administered aesthetic drug (propofol
in this study) consists of two parts: (i) PharmacoKinetic
(PK) model, and (ii) PharmacoDynamic (PD) model. The
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PK model relates the drug plasma concentration with the
administered dose. Most propofol PK models consider three
compartments [17]: (i) plasma compartment, (ii) shallow
peripheral compartment, and (iii) deep peripheral compart-
ment. Denoting the propofol concentration in the plasma, fast
peripheral, and slow peripheral compartments as C1, C2, and
C3 (all in [mg/l] or [µg/ml]), respectively, and the volume
in the aforementioned compartments as V1, V2, and V3 (all
in [l]), respectively, the state-space representation of the PK
model can be expressed as
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where I(t) is the infusion rate (in [mg/s]), and k10, k12, k21,
k13, and k31 are computed as

k10 =
Cl1
V1

, k12 =
Cl2
V1

, k21 =
Cl2
V2

, k13 =
CL3
V1

, k31 =
Cl3
V3

,

(2)
with Cl1 as the elimination clearance, and Cl2 and Cl3 as
inter-compartmental clearances, respectively. Parameters Cli
and Vi, i= 1,2,3 are determined using the relations presented
in [17].

The PD model relates the plasma concentration with
the pharmacological end-effect. The PD model is typically
described as a first-order plus time-delay system in the
following form [18]

PD(s) =
Ce(s)
Cp(s)

= e−Td s kd

s+ kd
, (3)

where Cp(t) = C1(t), and Td (in [s]) and kd (in [s−1]) are
transport delay and rate of propofol distribution between the
plasma concentration and the brain. In addition, a nonlinear
saturation function is used to describe the relation between
Ce(t) and the clinical hypnotic effect Eo(t), as

Eo(t) =
(Ce(t))

γ

ECγ
50 +(Ce(t))

γ , (4)

where γ is the cooperativity coefficient, and EC50 (in [mg/l]
or [µg/ml]) is the steady-state plasma concentration to obtain
50% of the hypnotic effect. Note that Eo(t) is bounded
between 0 and 1, where 0 means no hypnotic effect (state
of full wakefulness), and 1 is associated with the maximum
effect of hypnosis that can be identified.

Finally, the drug-response relationship of the propofol can
be expressed by combining the PK and PD models to come
up with a PKPD model, as shown in Fig. 1. Note that PK
model is a known model, since its parameters depend on
only weight, height and age of the patient, and their exact
values can be determined before anesthetizing the patient. On
the contrary, the PD model is an unknown model, since its
parameters cannot be easily determined based on patient’s
characteristics, although they belong to an interval with
known bounds.

Fig. 1. PKPD model block diagram.

III. CONTROL ARCHITECTURE

This section discusses the development of a constrained
control scheme for closed-loop anesthesia. The first step is to
pre-stabilize the system. For this step, the iControl system is
used. The next step is to augment it with the ERG to enforce
constraints satisfaction.

A. Pre-stabilizing the Propofol Delivery System

To prestabilize the system we will use the so-called iCon-
trol system. iControl is a platform developed for the clinical
evaluation of the controller design [19]. This software is
approved for clinical evaluation by Health Canada1. The
iControl platform uses feedback from the NeuroSENSE
DOH monitor and propofol is delivered through an Alaris
TIVA infusion pump (CareFusion, San Diego, USA) con-
nected to an intravenous line. The system is operated through
a touchscreen interface and was subject to an extensive
usability study prior to the clinical study. The complete
system is shown in Fig. 2.

From the control viewepoint, the iControl system makes
use of a robust PID that stabilizes the propofol delivery
system [20]. The block diagram of the propofol control
structure is shown in Fig. 3, where G f f (s) and Gc(s) are

G f f (s) = k+
ki

s
, (5)

Gc(s) =
kdNs
s+N

, (6)

where N, called filter coefficient, is a large constant (in this
paper, N = 105).

The PID parameters are calculated based on Lean Body
Mass (LBM) which can be computed [22] as
{

LBM = 0.3281 ·W + 0.33929 ·H− 29.5336, if male

LBM = 0.29569 ·W + 0.41813 ·H− 43.2933, if female
(7)

where W is the weight (in [kg]) and H is the height of the
patient (in [cm]). Once the LBM of the patient is computed,
the corresponding PID parameters can be calculated as

k = 0.0243 ·LBM, (8)

ki = 0.000165 ·LBM, (9)

kd = 1.35 ·LBM. (10)

Since it is necessary to protect the controller from inte-
grator windup, particularly when the infusion rate is nil, a
back-calculation anti-windup scheme is also implemented in

1Investigational Testing Authorization- Class III. Application#168968.
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Fig. 2. The iControl closed-loop anesthesia system [21].

Fig. 3. Block diagram of the propofol control system.

the iControl system that resets the integrator dynamically
with a time constant Tt = 60 [s].

The clinical hypnotic effect is measured through the
WAVCNS index, which provides linear time invariant dynam-
ics [23]. The dynamics of the WAVCNS monitor is usually
modeled as a second-order low-pass filter [5]:

S(s) =
Y (s)
Eo(s)

=
1

(8s+ 1)2 , (11)

where Y (s) is the Laplace transform of the WAVCNS index.
Note that since WAV DOH monitor defines awake as 100
and no activity as 0, to match the scaling depth of hypnosis
DOH(t) is defined as

DOH(t) = 100 · (1− y(t)), (12)

where DOH(t) = 100 represents a wakeful state and
DOH(t) = 0 represents the maximum level of hypnosis.

Since the infusion pump has a lower bound Imin = 0 [ml/h]
and an upper bound Imax = 1200 [ml/h], the saturation block
is used to represent this limitation.

For notational compactness, the overall dynamic model of
the pre-stabilized propofol delivery system will be denoted
as

{

ẋ(t) = f (x(t),v(t))

y(t) = h(x(t),v(t))
, (13)

where x ∈ R
n is the state of the system, y(t) ∈ [0,1] is the

output of the system representing the depth of hypnosis, and
v ∈ [0,1] is the desired level of hypnosis.

B. Enforcing Constraints Handling Capability

As mentioned, clinical anaesthesia can be seen as a
constrained control problem which includes a number of
constraints that must be taken into account.

Constraints on the amplitude of the propofol infusion
rate I(t) are mostly due to hard physical constraints of the
system [24] and to safety requirements: the infusion rate can
obviously not be negative, and the maximum infusion rate is
limited to keep hemodynamics changes bounded. Assuming
that propofol 10 [mg/ml] is being used as the hypnotic drug,
the infusion rate is typically constrained between 0 and 1.67
[mg/s] (between 0 and 600 [ml/h]) [25], i.e.,

0 ≤ I(t)≤ 1.67 [mg/s]. (14)

Safety bounds on the propofol plasma concentration Cp(t)
and effect-site concentration Ce(t) can be defined using the
therapeutic window [26] for propofol. Safety bounds on
Cp(t) and Ce(t) are [27]

0 ≤Cp(t)≤ 10 [µg/ml], (15)

1.5 ≤Ce(t)≤ 8 [µg/ml]. (16)

Hypnosis levels between 40 and 60 [%] are typically
associated with adequate anesthesia, while values below 40
[%] may indicate a risk of overdosing [1]. Accordingly, it
is reasonable to define the safety constraint DOH(t)≥ 40 to
ascertain overdosing prevention, or equivalently:

y(t)≤ 0.6. (17)

In the following, we will address how one can add
the constraint-handling capability to the iControl system to
enforce constraints (14)-(17). This will be done by using
the ERG framework, as shown in Fig. 3, to generate the
auxiliary reference v(t) so that the trajectories of the pre-
stabilized propofol delivery system are always contained
in a suitable invariant set. As shown in [14], an intuitive
choice for the invariant set is the invariant level set defined
by the Lyapunov theory. Thus, to ensure satisfaction of
constraints (14)-(17) at all times, it is sufficient to manipulate
the auxiliary reference v(t) so that the Lyapunov function is
always smaller than a suitably defined upper-bound. This
can be done by manipulating the auxiliary reference v(t)
according to the following differential equation:

v̇(t) = κ ·∆(x,v) ·ρ(r,v), (18)

where κ > 0 is a tuning parameter, and ∆(x,v) and ρ(r,v) are
the two fundamental components of the ERG scheme, called
the Dynamic Safety Margin (DSM) and the Navigation Field
(NF), respectively.

The NF represents the direction along a feasible path that
leads from the current auxiliary reference v to the desired
reference r. Since in closed-loop anesthesia the reference is
mono-dimensional, it is sufficient to choose the NF as

ρ(r,v) =
r− v

max{|r− v|,η}
, (19)

where η > 0 is a smoothing factor.

1296



The DSM can be defined as follows:

∆(x,v) = Γ(v)−V(x,v), (20)

where V (x,v) is a Lyapunov function that proves the stability
of the point of equilibrium associated to the constant refer-
ence v. Also, Γ(v) is the aforementioned upper-bound, and
is such that for any v, the set {x|V(x,v) ≤ Γ(v)} is wholly
contained in the constraints. Ideally, Γ(v) is the maximum
value of the Lyapunov function such that the Lyapunov level
set touches but does not violate the constraints.

Finding the stabilizing Lyapunov function for the propofol
delivery system (13) is not straightforward. Hence, in what
follows, we will first approximate the propofol delivery
system (13) with a linear model. Then, we will study how to
find the optimal Γ(v) and to construct the DSM in a closed-
form. Finally, we will propose a procedure to compensate
approximation error and to guarantee constraints satisfaction
even in the presence of approximation error.

From extensive simulations, it is concluded that the system
(13) can be well approximated with the following linear
system:

{

˙̂x(t) = Ax̂(t)+Bv(t)

ŷ(t) =Cx̂(t)
, (21)

where

A =

















A1 0 0 0 −B1C5

0 A2 0 0 0

B3C1 −B3C2 A3 0 −B3(D1 +D2)C5

0 0 B4C3 A4 0

0 0 0 B5C4 A5

















,

(22)

B =
[

B1 0 B3D1 0 0
]T

, (23)

C =
[

0 0 0 0 C5
]

, (24)

with (A1,B1,C1,D1), (A2,B2,C2,D2), (A3,B3,C3,D3),
(A4,B4,C4,D4), and (A5,B5,C5,D5) as the state-space
realization matrices of the feedforward controller G f f (s),
the feedback controller Gc(s), the PK model, the PD
model, and the monitor, respectively. Note that to
compute (A4,B4,C4,D4), the time-delay operator in
(3) is approximated by a second-order Padè approximant.

Constraints (14)-(17) can be rewritten with respect to the
states of the linear system (21) in the following form:

β T
i x̂(t)+αiv(t)≤ θi, i = 1, · · · ,7, (25)

where α1 = −α2 = D1, α3 = · · · = α7 = 0,
β1 = −β2 =

[

C1 −C2 0 0 −D2C5
]T

, β3 = −β4 =
[

0 0 C3 0 0
]T

, β5 = −β6 =
[

0 0 0 C4 0
]T

,
β4 =

[

0 0 0 0 C5
]T

, θ1 = 0, θ2 = 600, θ3 = 0,
θ4 = 10, θ5 =−1.5, θ6 = 8, and θ7 = 0.6. Note that the first
constraint in (25) represents the lower bound of constraint
(14), the second one represents the upper bound of constraint
(14), the third one represents the lower bound of constraint
(15), the forth one represents the upper bound of constraint
(15), the fifth one represents the lower bound of constraint

(16), the sixth one represents the upper bound of constraint
(16), and the seventh constraint represents constraint (17).

In the case of linear systems, it is well known that a
possible Lyapunov function is the quadratic form:

V (x̂,v) = (x̂− xv)
T P(x̂− xv), (26)

where xv is the equilibrium point of the linear system (21)
(i.e., xv = −A−1Bv), and P = PT > 0 is a solution of the
Lyapunov inequality AT P+PA ≤ 0.

For quadratic Lyapunov function (26) and linear con-
straints (14)-(17), it follows from [13], [14] that ∆(x̂,v) can
be defined as follows:

∆(x̂,v) = min
i∈{1,··· ,7}

{Γi(v)}−V(x̂,v), (27)

where Γi(v) can be calculated as follows:

Γi(v) =
(β T

i xv +αiv−θi)
2

β T
i P−1βi

, i = 1, · · · ,7. (28)

From (28), it is obvious that the performance of the
proposed ERG will strongly depend on the selection of the
matrix P. Hence, a systematic design method should be
proposed for choosing the most suitable Lyapunov function.

As shown in [13], it is convenient to select P so that the
resulting Lyapunov level set that corresponds to Γ(v) is as
large as possible. Hence, one can find DSM individually for
each constraint in (25), and select the minimum DSM as the
final one, i.e.,

∆(v) = min
i∈{1,··· ,7}

{Γi(v)−Vi(x̂,v)}, (29)

where
Vi(x̂,v) = (x̂− xv)

T Pi(x̂− xv), (30)

with Pi = PT
i > 0, and AT Pi + PiA ≤ 0, i = 1, · · · ,7. It is

proved in [13, Proposition 3.1] that the optimal Pi can be
found by solving the following off-line convex problem:

Pi =



















min log det Pi

s.t. AT Pi +PiA ≤ 0

Pi ≥ βiβ T
i

Pi > 0

. (31)

Finally, to compensate the effect of aforementioned ap-
proximation, it is only needed to further restrict the DSM
(29) with an additional static safety bound δ0, as follows

∆(·) = max

{

min
i∈{1,··· ,7}

{Γi(·)−Vi(·)− δ0},0

}

. (32)

Remark 3.1: By defining approximation error as e(t) =
y(t)− ŷ(t), the value of δ0 can be determined as

δ0 = max
v∈[0,0.5]

sup
t
|e(t)|. (33)

From extensive simulation studies, as shown in Fig. 4, the
value of δ0 is calculated as 0.08.

Remark 3.2: Since the states of the system are not directly
measured during the experiments, to determine the Lyapunov
function Vi(·), i = 1, · · · ,7 an estimator is needed. For this
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Fig. 4. Approximation error for different hypnosis levels.

purpose, a linear Kalman Filter (KF) can be utilized. Since
the PKPD parameters (in particular PD parameters, as dis-
cussed in Section II) of the patient are unknown, to design the
KF we have to use nominal PKPD parameters. As discussed
in [28], patients’ age can be used as a criterion to reduce the
inter-individual variability of the PKPD parameters. Thus, to
build the KF, first, patients were grouped based on their ages,
and then nominal parameters for each group were identified.

Remark 3.3: To make sure that obtained matrix Pi through
(31) is valid Lyapunov matrix for all patients, one possible
way is to use Kharitonov theory [29], and replace the con-
straint AT Pi +PiA ≤ 0 with the resulting four Kharitonov’s-
based constraints.

IV. RESULTS AND DISCUSSION

In this section, we illustrate the effectiveness of the
proposed ERG scheme in preventing overdosing and main-
taining the predicted states of patients within the pre-defined
safe zone using simulation results. We consider a set of 44
patient models identified in [18], in patients 18 to 60 years
old. Using a 10-years bracket, the 44 patients are divided
into four age groups, as Group 1: 18-29 years, Group 2: 30-
39 years, Group 3: 40-49 years, and Group 4: 50-60 years.
Then, for each age group, a nominal model based on average
parameters is identified.

The unconstrained responses of the patients are presented
in Fig. 5, where 26 patients are in danger of overdosing.

The simulated responses for the case that the proposed
ERG scheme is added to the unconstrained closed-loop
anesthesia is shown in Fig. 6. The results are obtained using
the values κ = 10, η = 0.01, covariance matrix of process
noise Q = 0.1I, and covariance matrix of observation noise
R = 0.01I, with I as the identity matrix with appropriate
size. Since δ0 should cover approximation error as well as
the error caused by KF, δ0 = 0.1 was used in simulations.

As seen in Fig. 6, the proposed ERG scheme guarantees
constraints (14)-(17) satisfaction, while DOH of 50% is
achieved for all the patients.

As seen in the bottom figure of Fig. 6, the ERG scheme
manipulates the auxiliary reference v(t) only when the ma-
nipulation does not lead to constraints violations. In simple
terms, by using the ERG, instead of applying the desired
reference instantly, we apply the auxiliary reference v(t) that
automatically converges to the desired level of hypnosis so
that constraints satisfaction is guaranteed at all times.

Comparing the obtained results with those obtained with
unconstrained control scheme reveals that enforcing con-

Fig. 5. The unconstrained simulated responses of the 44 patients.

TABLE I

COMPARISON OF THE OBTAINED INDUCTION TIME.

Unconstrained With ERG
Induction Time
mean±STD2 3.11±0.38 6.24±7.51
[min,max] [2.53,4.46] [4.98,8.96]

straints (14)-(17) satisfaction increases the time required for
induction of anesthesia. TABLE I shows the induction time
obtained with the unconstrained structure and with the ERG
scheme. Note that the induction of anesthesia is completed
if a measure of DOH(t) reaches 60 [%] and stays below that
more than 30 seconds. As seen in TABLE I, the trade-off for
avoiding constraints violations during induction of anesthesia
is a slower induction for patients.

V. CONCLUSION

This paper proposed a control scheme structure based on
explicit reference governor framework to control the depth
of hypnosis. Using the proposed scheme, it was shown that it
is possible to develop an automatic propofol delivery system
that can be proven to guarantee safety constraint satisfaction,
while completing induction of anesthesia within (mean) 6.24
minutes. The proposed scheme was validated on 44 simulated
surgeries based on data identified on clinically. The results
showed the scheme’s effectiveness in controlling the depth
of hypnosis and safety constraints satisfaction.

2STD stands for standard deviation.
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Fig. 6. The simulated responses of the 44 patients with the ERG scheme.
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